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An improved approach is derived for the propagation of eectromagnetic (EM) fields along a
curved dielectric waveguide. The objectiveisto devel op a mode model to provide a numerica
tool for the calculation of the output fields adso for intermediate radius of curvature
(R =0.5 m). Therefore, we take into account al the terms in the calculations, without
neglecting the terms of the bending. The longitudinal components of the fields are developed
into Fourier-Bessel series. The transverse components of the fields are expressed as functions
of the longitudinal components in the Laplace plane and are obtained by using the inverse
Laplace transform. The separation of variables is obtained by using the orthogona relations.
The meta boundaries of the waveguides are modeled as alossy dielectric media. This model
is applicable for hallow waveguide tubes where the wall of the bore is covered with a metal
layer and dielectric overlayer.
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1. Introduction

Did ectric-coated metalic waveguides have attracted considerabl e applications in practice and
theory for awide variety of transverse profiles. The development of the fibers and waveguides for the
transmission of CO» laser infrared (IR) radiation (A\=10.6 pm) is very important for the application of

this radiation in medical and industrid fieds. A review of the papers on fibers for IR transmission
was published [1]. To reduce the transmission losses, the use of hollow core waveguides was
proposed because the air is a material with very low transmission losses in the IR region of the
spectrum. Hollow fibers are leaky waveguides, because the refractive index of the core materia(air)
is lower than that of the cladding material did ectric coating [2-4]. The transmission medium is air and
the guiding is achieved by refracting (dieectric) and reflecting (metal) layers deposited on the inner
surface of the waveguide. Hollow waveguides with both metal and didectric internal layers were
proposed to reduce the transmission losses. A hollow waveguide can be made, in principle, from any
flexible or rigid tube (plastic, glass, meta, etc) if its inner hollow surface (the core) is covered by
metal layer and didectric overlayer. This layer structure enables us to transmit both the TE and TM
polarization with low attenuation [4,5].

Various methods for the analysis of cylindricd hollow metallic or metalic with inner
didectric coating waveguides have been studied in the literature [2-11]. Two theoretical models can
describe the radiation propagation in a hollow guide. One is based on a mode model [2-7] and the
other is based on aray model [8-11].
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The first theoretical analysis of the problem of hollow cylindricd bent waveguides was
published by Marcatili and Schmeltzer [2]. Their theory considers the bending as a small disturbance
and uses cylindrical coordinates to solve Maxwell equations. They derive the mode equations of the
disturbed waveguide using the ratio of the inner radius r on the curvature radius R as a small
parameter (/R << 1). Their theory predicted that the bending will have little influence on the
attenuation of a hollow metallic waveguide However, practical experiments have shown a large
increase in the attenuation, even for arather large R. Miyagi et al.[3] suggested an improved sol ution,
which provided agreement with the experimenta results, but only for R >> r. A different approach
[4,5] treatsthe bending as a perturbation that coupl es the modes of a straight waveguide. That theory
explains qualitatively the large difference between the metallic and metallic-die ectric bent waveguide
attenuation. Thereason for this differenceis that in metallic waveguides the coupling between the TE
and TM modes caused by the bending mixes modes with very low attenuation and modes with very
high attenuation, whereas in metallic-dieectric waveguides, both the TE and TM modes have low
attenuation. The EH and HE modes have similar properties and can be related to modes that have a
large TM component.

Several methods of investigation of propagation were devel oped using ray models[8-11]. The
problem of transmission of CO,, laser radiation through hollow fibers and waveguides was studied
theoretically and confirmed experimentally by Croitoru et a. [9] It was shown theoretically and
proved experimentaly that the transmission of CO, radiation is possible even through a bent
waveguide. An improved ray modd for simulating the transmission of laser radiation through a
metallic or metallic-did ectric multibent hollow cylindrical waveguide was proposed [10].

The modds based on the perturbation theory solve problems only for a large radius of
curvature (R >> r). The objective of this work was to develop a theoreticad mode mode to provide a
numerical tool for the calculation of the output transverse fidds and power density aso for
intermediate radius of curvature
(R=0.5 m). Therefore we take into account al the terms in the calculations without neglecting the
terms of the bending (namdy, up to the fourth order of 1/R). These terms of the bending are functions

of hy, hz2 hz3, and hy? (hz=1+(r/R)sin6), where hy is the metric coefficient. Thus the maximum

value of the bending is of the order of 1/R*. This will enable us to understand more precisely the
influence of the bending on the output fields, output power density, and output power transmission of
hollow waveguides. This mode was applied in the case of hollow flexible tubes, where the wall of
the bore was covered with a meta layer and didectric overlayer (hollow waveguide). The results of
this modd were applied to the study of hollow waveguide that are suitable for transmitting infrared
radiation, especially CO» laser radiation.

2. The derivation

The toroida system (r, 6, {) in conjunction with the curved waveguide is shown in Fig. 1.
Thetorus transformation of the coordinatesis given by

X:(R+rsine)cos(%j : Y=(R+rsin9)sin(%j , Z=rcosB, (lab,c

where { = R @ Inthistoroidal system the metric coefficients are
h, =L h, =r,h, =1+(r /R) sin @ and adifferential length is given by

dsZ:hr2 dr2+h92 d62+hz2 dZZ where R is the bending radius, and r is the cross-section radius of the
waveguide. The case for the straight waveguideis obtained by letting R — co.
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Fig. 1. A genera scheme of the toroida system and the curved waveguide.

The derivation is based on Maxwel’ s equations for the computation of €ectromagnetic fidds
and the radiation power density at each point during propagation through a curved waveguide, in the
case of a metallic waveguide (e.g., Ag) with aradid dieectric profile. The longitudinal components
of the fields are developed into Fourier-Bessel series. The transverse components of the fieds are
expressed as a function of the longitudinal components in the Laplace plane.

The modes excited at { = 0 in the waveguide by the conventional CO,, laser IR radiation
(A=10.6 um) are closer to the TEM polarization of the laser radiation. The TEM ,, mode is the
fundamenta and the most important mode. This means that a cross section of the beam has a

Gaussian intensity distribution. Theinitial fidds at Z:O+ are formulated by using Fresnd coefficients
of the transmitted fiel ds as follows

E), = TE(r)(EOe—(r/WO)2 sin6) , E;, = TE(r)(Eoe—(r/WO)z c0s0), (2a, b)

HY = =T, (N(E,/Nn,) €™ cosB), H =T, (r) (E,/n,) e " sing), (2c, d)

where E;/, = H/, =0, Tc(r) =2/[n(r) +1], T, (r) = 2n(r) /[(n(r) +1] and n(r) = [, (r)]%. The

index of refraction is denoted by n(r).
The transverse components of the fidds are finaly expressed in a form of a transfer matrix
functions as foll ows

E,(1,0.0) = Ep() e - 14He b Shcn ) 3,(9) cost0

- J“;“O h, sin@cosd Y DI (2) J,(W) + J‘*’r“o h,>sin8' Y CZ (2) 3,()

_J'wrllo h? COSGZDEI(Z) 3, () +isinecose ZAQQ(Z) 3 (8)

+%Sln GZB ) 4,(8) +h, COS@ZAsz(Z) 1(E)+h SHGZB (Z) 1(E) (3

where ¢ =| 1m,(r/a)] , ¢ =[P_.(r/a)], m =1..N,3< N<50.
AZ Q) =LA, (91/[s* +k*(r)h?]], etc. Similarly, the other transverse components of the fields

are obtained.

The inverse Laplace transform is performed in this study by a direct numerica integration in
the s-plane by the residue method. According to the residue method, two dominant poles for the
toroidal didectric waveguide are given by s= k(r)hz, where hZ:1+(r/R)si no.

The { component of the average power density Poynting vector is given by

S, = %Re(ErH; —E,H}) where the asterisk indicates the complex conjugate and the total average
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power transmitted across a cross section of the guide in the { direction is given by a double integra of
S, -

3. Examples of this mode model

This section presents several examples that demongtrate features of the proposed mode mode
derived in the previous section. The cross section of the curved waveguide is made of a tube of
various types of material, metal layer, and a did ectric layer upon it. The next examples represent the
case of hollow waveguide with metallic (Ag) coated by thin didectric layer (Agl). For silver having a
conductivity of 6.14 x 10”(ohm x m)™, and the skin depth at 10.6 pm is 1.207 x 10% m.

Test case

The test case for the straight waveguide is obtain by letting R — o. The transmitted fiel ds of

theinitial fidds (TEM ,, modein excitation) are formulated by using Fresnd coefficients [Egs. (2a)

to (2d)]. The results of the output transverse components of the output fieds (e.g.,| E, |)and the
output power density are shown in Figs. 2(a) and 2(b), respectively. The result of the output power
density of this example [Fig. 2(b)] is compared to the results of the previously published experimental
data[12] of which the behavior has shown good agreement (a Gaussian shape), as expected, except in
the secondary small propagation mode. In this example, the length ({(R=c)) of the strai ght waveguide
is 1 m, the diameter (2a) of the waveguide is 2 mm, the thickness of the didectric layer [d(Agl)] is
0.75 um, and the spot-size (wg) is 0.3 mm. The refractive indices of the air, diectric (Agl) and
material (Ag) are No, = 1, nagly =22, and niag) = 13.5-75.3, respectively. The vaue of the

refractive index of the material at a wavdength of A=10.6 um is taken from the table performed by
Miyagi e al. [3].

Toroidal Didectric waveguides

One of the parameters that we studied was the output power transmission as a function of the
radius of curvature. Thetransmitted fieldsat { =0" of theinitial fields (TEM,, modein excitation)

are formulated by using Fresnd coefficients [Egs. (2a) to (2d)].
The results of the effect of bending on the output power transmission for the verticd and
horizontal polarizations were shown in the case of the optimal did ectric coating [d(Ag|):O.8 pum| by

the theoretical ray model [8]. In both polarizations, the results are shown to be the same results by
addition of the dielectric layer. Horizontal polarization (E,) is defined as parald to the bending
plane (parald to Y-axis, asshown in Fig. 1, and vertical polarization as perpendicular to it.

IE, | [V/m] 1S,y | [Wm?]
1.0

(a)
Fig. 2. Solution of the output transverse component of the fields (e.g., |E,| component) and

the power density [a=1 mm, d(Ag|):O.75 mm, A=10.6 pm, wg = 0.3 mm, no) = 1,
”(Agl):2-2v n(Ag):13.5-j 75.3, and {(R=w)=1m|, by letting R— o: (a) the output
field |E/| and (b) the output power density (|Sy/)-
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Fig. 3. Theoreticadl mode model’s result and the theoretical ray model’s result [8] where the

hollow metal waveguide (Ag) covered inside the wals with a Agl film. The power
transmission as a function of the redius of curvature for (= 1 m [a=1.5 mm, d(ag()=0.8 um,

Wp= 0.06 mm, A = 10.6 ym, n(o) =1, n(AgI) =2, and n(Ag) =10-j 60].

(%) Transm

Fig. 3 shows the results of the theoretical mode modd and the theoretica ray modd [8] where
the length of the curved waveguide ( {) is 1 m, the diameter (24) of the waveguideis 3 mm, and the
spot size (wp) is 0.06 mm. The refractive indices of the air, dielectric, and material are no)=1,

NAgl) = 2, and N, =10- j 60, respectively. The results of the theoretical mode model and the

theoretical ray model [8] give a good approxi mation, where the waveguide's diameter (2a) is much
larger than the wavel ength (2a>> A).

Fig. 3 shows the dependence of the power transmission as a function of the bending (1/R),
where R is the radius of the bending. For small vaues of /R the power transmission is large and
decreases with increasing the bending (1/R). The metal (Ag) and dieectric (Agl) layers increase the
power transmission for both theoretical mode model and theoretical ray model [8].

This example demonstrates the influence of the bending where we take into account al the
terms in the calculations (namely, up to the fourth order of 1/R). This will enable us to understand
more precisdy the influence of the bending on the output power transmission of hollow waveguides.
The results of the output transverse components of the fieds, the output power density, and the output
power transmission are obtained for alarge (R >>r) and amedium (R= 0.5 m) radius of curvature

|E, | [V/m] 1S, | [Wm?]
0.45

0.5 500.
u.un.u u.nu.u
x [mm] .5%N0.5 ¥y [mm] x [mm] (.5%0.5 ¥ [mm]
(a) (b)

Fig. 4. Solution of the output transverse component of the fields (e.g., |E,| component) and

the power density [a=1 mm, d(AgI):0-75 um, A=10.6pm, wg = 0.3 mm, noy = 1,

N(Agl) = 2.2, N(Ag) = 135-j 753, R=0.7m, and ¢=11: (&) theoutput field |E| and (b) the
output power density (|S,,1).
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Fig. 4 represents the solution for the output transverse components of the fidds (eg.,| E, |)
and the output power density in the case of toroida did ectric waveguide (Fig. 1), where R=0.7 m and
@ = T. In this exampl e the diameter (2a) of the waveguide is 2 mm, the thickness of the didectric
layer [d(Agl)] is0.75 um, and the spot size (wg) is 0.3 mm. The values of the refractive indices of the
air, didectric (Agl) and materia (Ag) are no)=1. n(Ag,) =22, ad n(Ag) =135-j 753,

respectively. Fig. 4(a) enables usto understand more precisey the influence of the preceding bending
(R=0.7 m) on the output transverse components of the fields (eg.,| E, |). The output power density

in Fig. 4(b) shows that in addition to the main propagation mode, severa others secondary modes
appear. The amplitude is small as the bending radius (R) is smal, and the shape is far from a
Gaussian. Note that the amplitude of the output power density in Fig. 4(b) is smaller as regard to the
output power density in the case of straight waveguide (R — ), as shown in Fig. 2(b). In the
calculations dl theterms (namdy, up to the fourth order of 1/R) are taken into account.

4. Conclusions

The objective of this work was to develop a theoretical mode modd to provide a numerical
tool for the calculation of the output transverse fields and power density also for intermediate radius
of curvature (R=0.5 m). Therefore we took into account al the terms (namely, up to the fourth order
of 1/R) in the calculations. Note that al the terms were taken into account without neglecting the
terms that belong to the bending. This will enable us to understand more precisdy the influence of
the bending on the output fidds, output power density, and output power transmission of hollow
waveguides. The results of the solutions of the power transmission were obtained for a large and a
medium radius of curvature. The propagation of the dectromagnetic wave along the curved
waveguide is computed by input-output relations [Egs. (3a), €c.].

In this paper, we supposed that the modes excited at the input of the waveguide by the
conventional CO, laser IR radiation (A=10.6 um) are closer to the TEM polarization of the laser
radiation. The TEM ,, mode is the fundamental and the most important mode. This means that a

cross-section of the beam has a Gaussian intensity distribution. Thetransmitted fiddsa z=0" of the
initia fields (TEM ,, mode in excitation) are formulated by using Fresnel coefficients [Egs. (2a) to

(2d)]. The mode mode was developed to predict the transmission of energy as a function of the
curvature for a given ¢. For smal values of 1/R the power transmission is large and decreases with
increasing the bending (/R). The metal and did ectric layers increase the power transmission for both
theoretical mode model and theoretica ray mode [8].

The dements of the boundary conditions for TEM ,, mode in excitation are functions of
1/ R?. Miyagi et a. [3] suggested an improved solution in the case of TE,, mode by taking into
account the terms correct up to the second order (1/ R?), thus their sol ution provided agreement with
the experimental results. We can explain why it is necessary to take into account the terms until the
second order (1/R?), at least. The elements of the boundary conditions for TEM 0 Mode in

excitation are functions of the principa terms and the other terms of the second order (1/ R?). Inthe
same way, one can derive the e ements of the boundary conditions for the TE ;, modeto calculate the

elements that are dependent on 1/ R?. If the bending's terms of the second order are not taken into
account in the case of the TEgy mode or the TEM ,, mode in excitation, then the élements of the

boundary conditions will give us very little influence of the results. In this case, we obtain good
results only for the large values of R (R >>r), such as the modd s based on the perturbation theory.

The remaining orders of the bending (1/ R®,1/ R*) in our calculations are given in the & ements of
the matrices, and do not appear in the dements of the boundary conditions, in the case of the TEM

mode in excitation. In this case the orders of the bending (1/ R*,1/ R*) are neglected as regard to
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the orders of the bending (IR, 1/ R?). Thus, the main point is that we must take into account all the
terms until the highest vaue of the order of the bending, as appear in the dements of the boundary
conditions of the initia fidds, for arbitrary excitation. All these terms must be taken into account to
obtain good results of the output fields, output power density, and output power transmission of
hollow wavegui des also for an intermediate radius of curvature (R= 0.5 m).

The test-case for the straight waveguide is obtained by letting R — 0. The result of the output
power density in this caseis compared to the results of previously published experimenta data[12] of
which the behavior has shown good agreement (a Gaussian shape), as expected, except for the
secondary small propagation mode.

This mode can take into account the cases of smaller R only if the step’sangle(ép) isvery small,

wherethe condition is given according to 6p2(2a)/(2nR).

The calculation of power density has shown that in addition to the main propagation mode, severa
other secondary modes appear in the case of thetoroidal didectric waveguide. The amplitudeis small
as the bending radius (R) is small, and the shapeis far from a Gaussian.

This mode modd may also be a useful tool for solving problems of power transmission of
microwaves through flexible curved waveguide for application in medical and industrial fields.
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