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THE SINGLE STEP INVERSE CALCULATIONSOF THE
EFFECTIVE PAIR POTENTIALSFOR LIQUID LITHIUM
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It is presented the revised effective pair potentials for liquid lithium extracted from
experimental structure data using the inverse method, which is based on the varietional
modified hypernetted-chain (VMHNC) integral equation theory of liquids. The rdiability of
the revised potential is supported by a comparison the neutra pseudoatom potentia at sev-
eral thermodynamic states. Although the single-step VMHNC inversion yiel ds acceptable re-
sults for the characteristic features of the density dependence of the revised potentials for
liquid lithium, the difference in the medium behaviour of the Li potential is a cause of con-
cern. Thisdiscrepancy and the limitations of the approximate theoriesin the inverse ca cul a-
tions have been discussed with the possi ble improvements.

(Received June 2, 2004; accepted June 22, 2004)

Keywords: Liquid lithium, Inverse method, Effective potentids, Variational modified hypernetted
chain theory

1. Introduction

The so-called inverse problem, for deriving the pair potentias from the the experimental
structure factor has been originally proposed by Johnson and March [1,2]. One of the route followed
to derive the effective pair potentials from measured structural data which is based on the formalism
deveoped by de Angdlis and March [3] from the Born-Green-Y von hierarchy has been utilized by a
number of workers [4]. This is the so-called approximate inverse formula. Another route is the in-
version scheme based on the Ornstein-Zernike equation or approxi mate closures that relate the struc-
ture factor S(k) to the pair potential ¢(r) in asimple fashion. Therefore inversion schemes that rely
on such integral equation theories, as the Percus - Y evick (PY) [5], Hypernetted Chain (HNC), Mean
Spherica approximation (MSA) and Modified Hypernetted Chain (MHNC) equation [6] are often
called “single step” inversions. This inverse problem is the focus of this paper. It has been claimed
[7,8] that MHNC relation is more effid ent than other theories in both the direct and inverse problem.
There are different versions of MHNC equation which is rdated to the actual choice of the bridge
functions and different criteria to determine the parameters defining them. These are reference hy-
pernetted chain (RHNC) [9] and the variational modified hypernetted chain theory (VMHNC) [10].
In the “multi-step”, predictor-corrector inversions the mol ecular-dynamic simulation is aso used by
many investigators in cases where the structure data need to be modified [7,11 — 16].

In this work, we investigate the validity of the VMHNC approxi mation in the inverse cal cu-
lations of liquid lithium. In connection with , researchers show that VMHNC is widely used to pre-
dict static structure factors and thermodynamic properties of liquid metals in direct cdculations
[17- 22]. Recent molecular dynamic (MD) simulations [18] have shown that dynamical properties of
liquid lithium near the melting and the triple point are in very good agreement with experimental
data using an interionic pair potential derived from the neutral pseudoatom (NPA) method [23,24]. It
has been reported that other effective pair potentials used in MD simulations of liquid Li [25] are
significantly closer to the results of Canales et al. [18]. For these reasons that we choose the
VMHNC integral-equation method based on the Ornstein-Zernike (OZ) equation for our inverse
calculations. Our first aimis to derive the pair potentials for liquid lithium from experimental struc-
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ture data at several thermodynamic states. For this purpose, the MHNC equation is solved for a fluid
of particles interacting through the revised potential with variational criterion. In order to test the
accuracy of the inversion scheme and the rdiability of the revised potential, we have compared our
results with those obtained from the NPA method and model pseudopotentials recently proposed by
Fiolhais et al. [26]. We have dso anal ysed the trends in the liquid structure of Li through the revised
potentials. The corresponding thermodynami ¢ properties with the presented inversion scheme follow
the expected trends with decreasing density. The results show that VMHNC liquid state theory is
yielding the acceptable results in the inverse problem to extract the potentias B¢(r) for liquid lith-
ium within the limit of experimental accuracy, than previously obtained from experimental data
However, we should noticed that there is a difference in the medium behaviour of the Li potentia at
intermedi ate-range distances when it compares with the NPA potentid. Some researchers have been
noted that the universality of ansatz of Rosenfe d-Ashcroft (RA) does not hold for some thermody-
namic states in order to describe the interactions at intermediate range [27, 28]. This work is another
test about the validity of universality ansatz in the inverse ca culations for liquid metals at their melt-
ing points. Although we are currently engaged in inverting the diffraction data on S(k) to determine
a pair potential for direct comparison with the NPA potential, we have suggested a possible im-
provement for the single-step revised potentials. In the case of the thermodynamic state near its
melting , the revised potential has been performed with the revised bridge function extracted from
the MHNC equation using a hew closure proposed by Poll, Ashcroft and de Witt (PAD) [27]. Thus
we have shown the revised bridge functions obtained by the suggested procedure can be used for
improving the inverse cd culations of liquid metals at ther meting points which is based on the in-
tegra equations.

The paper is organised as follows, In section 2 we summarise the theoretical methods ap-
plied in this work. In the same section we give a brief description of the inversion schemes consid-
ered. In section 3 we present the results of our calculations. First, we give the details of the inversion
of experimentd structure data. This is followed by a comparison with NPA potentials. Findly, the
cal cul ated thermodynami ¢ properti es are given by comparing both NPA and experimental results.

2. Formalism

In the integral equation approach, the effective pair potential B¢(r) has been obtained using
the exact closure in terms of the pair distribution function g(r), the direct correlation function c(r)
and bridge function B(r). The exact closureis given by

Be(r) =g(r) —c(r) —Ing(r) -1+ B(r) @)
In the inverse calculations, the pair potentid can be obtained in a straight-forward manner from

given experimental structure data S« (K) using Eq.(1). The experimental pair distribution function
Oept (1) can be obtained from S+ (K) by the Fourier transformation

1 .
Gopi(1) =1+ 55 [ (Sei (k) ~Dksin(kr) ok @

where p is the number density of ions. The experimental direct corrdation function cep« (1) can be

found from the same Sy ¢ (K) directly using the Ornstein-Zernike (OZ) equation which for an iso-
tropic, homogenous system can be written as

9(r) -1-¢(r) = PJ (9(r —r') —De(r)dr', ©)

together with Eq. (1). , Cept () can be given by

1 1 .
cexpt(r)—z - j(l Sexpt(k)Jksn(kr)dk. @)
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We cons der two different inversion scheme based on the integral equations. In order to ex-
tract the revised potential with Eq.(1), the parameterised hard-sphere bridge function and the ex-
tracted bridge function have been used. The parameterised hard-sphere bridge function is used for
the VMHNC based on inverse cal culations to extract the effective pair potential whichis given by

B(R/MHNC (r) = gexpt (r) _Cexpt(r) - Ingexpt(r) -1+ Baé(r! r]) (5)

This is so called the VMHNC based on inversion scheme. Here B(r) = B (r,n) , appro-

priates to hard spheres (HS) within the Percus-Y evick (PY) gpproximation and determines the single
free parameter 1, hard sphere packing fraction , by imposing the requirement of thermodynamic
consistency between the virial and compressibility routes. This is so called VMHNC eguation.. In
order to choose N as a function of the thermodynamic state, that is,n =n(B,p), the VMHNC
variational criterion takes the form

af VMHNC (B, p, r]) _ O

on (6)

here f Y™ s free energy which is given by

fVMHNC (B 5 1) = MHNC (B, 0, 1)) — F MHNC (1) + fes(n) (7)

where f X" (n) is the MHNC reduced Helmholtz free energy of the reference hard-sphere fluid
within the PY approximation and f-g(n) is the empirical HS Carnahan - Starling Hd mholtz free
energy. In this work the VMHNC theory has been used [10, 17]. Another inversion scheme which is
based on the MHNC equation with the revised bridge function, namely, B, (r) isthen given by

By (1) =B, (r) + Bt (r. (8)

Here B@,(r) is the revised effective par potential extracted from the HNC equation. The

revised bridge function B, (r), as determined replacing subscripts expt by i using theiterative proc-
ess as follows,

AB;; (1) =[Gep: (N =9 (N1 = IN[Gey (1) /95 (N] — AC;,, (1) ©

with the foll owing closure relation which has been originally proposed by Poll, Ashcroft and de Witt
for One Component Plasma (OCP):

9(r) = Gexpe (1) r<R, (10)

A

o
c(r)=—PBg, +tA— r>R, (11)

r
Thefirgt termin equation (11) is the MSA eguation and the second term is the Y ukawa cor-
rection term which is used to correct any uncertainties in ¢(r) for r > R,. A and A are adjustable
parameters which are chosen to enforce continuity in ¢(r) anditsfirst derivativeat R,. PAD ansatz

Eq. (11) has been used to extract the revised bridge function in Eq. (8). B, (r) isdetermined at every
iteration step by substituting the sol ution of the coupled equation given by Egs. (3) and (11) into Eq.
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(1). The cy(r) = Cypc (r) is used as initia input for the first run. Iterations are repeated until the

difference |c,,,(r) — C; (r)|<10'5 and an accurate estimate for B, (r) findly can be obtained. This
is so-called MHNC+PAD inversion scheme.

3. Results and discussion

3.1. Inversion of experimental structural data

It is emphasised in theliterature [ 18, 25] that the experimental static structure factors of lith-
ium found by different workers show noticeable discrepancies. In order to extract the pair potential's,
we shall use a couple of three different sets of experimental vaues for the static structure factor of
liquid lithium reported in Refs. [29, 30]. The thermodynamic states studied in this work specified by
the temperatures and different densities are givenin Teble.

Table 1. The input data for temperatures and densities.

T(K) 470 526 574 595 725

o(a=) 0.0445 0.0441 0.0438 0.0430 0.0420

We can aso find another three sets of x-ray and neutron diffraction measurements for
Sept (K) at near the melting point about 470K in Ref. [29]. There are some remarkable discrepan-

cies between these measurements of the structure factor at small k values k <1A ™, both the neutron
diffraction data of Ruppersberg and co-workers [31] and Waseda's x-ray data [28] shows a linear
behaviour, whereas the x-ray data of Olbrich et al [33] point to a quadratic behaviour. Fig. 1 shows
the discrepand es between different experimental datain the small-k region.We have aso included in
the same figure, for comparison, the both MD results of S(k) taken from Refs. [18, 25] as
k — Ohave been obtained by assuming a quadratic behaviour of S(k) for small k. The both MD
results which the NPA potential (MD+NPA)[18] and the potential proposed by Price, Singwi, and

Tosi (PST), (MD+PST) [25,34]. The experimental vaue of S, (0) as caculated 0.027 for liquid
lithium at near the melting point [35]. In this study, for all experimental structural data used in our

calculations, therange 0 t0 0.4 (A) ™ was covered by extrapolation between St (K) as k - Oand

the smallest wavenumber of experimental datato obtain the limit value of S(0) . In the same region,
the experimenta data has been extrapolated smoothly using the sum of differences between the cal-
culated structure factor S(k) and experimental structure factor S, (k) . Those were weighted as

follows to obtai n a function F which was minimised

NP
F=>
i=1

(S(K;) = S (k1) (15)

here,
S(k;) =S(0) +exp(Ak; —A,) K +Ask? (16)
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where A, , A,and A, are constants. N, is the number of data points in small-k region of S, (k)

which depends on the experimenta structure data of liquid lithium used. The values of S(0) de-
duced in this way are found to be a good agreement with those calculated from the experimental
isothermal compressibility data S, (0) of Ref. [35]. For the large-k region, S, (k) has been

extrapolated to 80 (A)™ using cubic splinefunctions to obtain g(r) accurately in the small-r region.

0.10
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0.06 —

SK)

0.04 —

0.02 ‘ ‘ ‘
0.0 0.4 0.8 1.2 1.6

Fig. 1. The small k behaviour of S(k) for liquid lithium at near its melting. The open circles

with solid line and solid circles denote the MD+NPA and MD+PST results taken from Refs.

[18,25], respectively. The asterisks show Ruppersberg et al. data [31], open lozenges,
Weaseda data [32], open triangles, Olbrich et al. [33].

The iterative transform has continued until the direct transform of the S(k) leadsto a g(r)
that is very flat bdowr,, determined by the closest approach of two atoms. In our calculations, we

have used the fast Fourier transform routine. The number of grid points are 4096 and step size
or =0.072a, used in numerical integration. It should be noted that the values of modified S(k) are

the same as the origina experimental data S,,,, (K) in the small-k region. Concerning the modified

structure factors S(k), the main peak of the extracted S(k) becomes lower and broader with decreas-
ing density. As for the pair distribution g(r) with decreasing density, the main peak hei ght becomes
lower, while its position remains amost unchanged. We find overall good agreement between the
calculated and deduced g(r)’s. We note, however, that the height of the main peak in the cal culated
VMHNC g(r)'s using the NPA potentia are systematically higher than those deduced from experi-
menta data, as pointed out by Gonzalez et al. [24] for liquid lithium at near the meting point. But
Candes ¢ al. has been noted that the MD results of S(k) using the NPA potential at the same ther-
modynamic state were in good agreement with the experimenta data and only small discrepancies
observed around the second S(k) maximum. Further, in the long wave limit scaled values of

S(0) =24(2)" J (or)-1)r dr where 1" =y/r_, I, refersto the position of the first g(r) peak. Dueto
the good scaling behaviour of g(r), we expect that S (0) is constant for liquid Li near melting. The

calculated S (0) values arein good agreement with others [36]. The average value of S (0) from

proposed the VMHNC based inversion procedureis 0.45 that is higher than the vd ue of 0.443 from
[36] and the calculated value of 0.431 from NPA+VMHNC which means that pair structures were
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calculated from the VMHNC, using the pair interaction derived from the NPA. It is expected that the
effective pair potentials of lithium should also scal e reasonably.

3.2. Effective pair potentials

In this section, we show the revised effective pair potentials for liquid lithium at the thermo-
dynamic states considered in Table. The scaled revised pair potentias B¢(r) for liquid lithium at

T=470K, obtained by the VMHNC and MHNC based inversions from the data of Ruppersberg et al.
[31] are shown in Fig. 2, aong with the corresponding pair distribution function obtained by the FT

of the extrapol ated experimental structure data, scales when they are plotted against I .

3

B(r)/ BAT) piry » 9(r)

\ \
0 1 2 3

%, 0/ i
Fig. 2. The scaled pair potentials for liquid lithium at 470K aong with the corresponding
pair distribution function g(r) vs. r* Solid lines show VMHNC based revised potentials
from the data of Ruppersberg et al. [31] and corresponding g(r)’s, stars denote
MHNC+PAD revised potentials obtained from the same  experimental data The long-
dashed line shows Fiolhais et al. Pseudopotential. The dashed lineand open circles de

note NPA potentials and NPA+VMHNC g(r)’s, respectively.

We also compare these potentials with those obtained from the NPA theory by Gonza ez et
al. [24] and the second order perturbation theory using a new local pseudopotential proposed by
Fiolhais and co-workers [26], aong with the corresponding pair distribution function g(r) calculated
from VMHNC.

Although we have not included the other revised potentials extracted from the other experi-
menta data to avoid the figures becoming cramped, the comments be ow take these potentias into
account. The presented pseudopotentia is theindividua choice of Fiolhais and co-workers potential
which has been computed using the local density approximation (LDA) version of the local-fidd
factor with the correlation energy of Vosko, Wilk, and Nussair [37]. It may be observed in Fig. 2
that our MHNC based revised potential with revised bridge function is in good agreement with the
NPA potential than VMHNC based one. This discrepancy is interpreted as the difference between
the parameterized bridge function and the extracted bridge function in the intermediate range dis-
tances. Note that, the intermediate-range part of the bridge function depends on the details of the pair
potential used in the inversion, resulting in a discrepancy in the intermediate-range part of the g(r)'s
obtai ned by the integral equation and Fourier transformed of the experimental S(k) data. In the pre-
sented MHNC+PAD inverse cal culations the extracted bridge function is found to be sensitive to the
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distance R, in Eq. (11). We havetaken R, =4.01 A, A and A parameters are calcul ated from the
equality of two Egs. (1) and (8) when B(r)=0. g, (r) data is discarded outside the distance
R =9.74 A in the iterative calculations. Concerning the Fiolhais potential, displayed in Fig. 2,
agrees quite well with the experimental g(r) deduced from Waseda' s data, especidly for the position

and the height of the peak, except giving the long wavdength limit of the static structure factor of
0.018 compareto the experimenta one of 0.027. It is clear that the height of the main peak of g(r) is

unimportant for determining B¢(r) .

The extracted pair potentials using VMHNC based inversion a two different thermody-
namic states of second data set are shown in Fig. 3. It is surprising that our VMHNC results that
from the second data set agree well with the NPA potentials, nothing that thereis alarge difference
between two Bq(r).

1 T=574K (b)

Be(r)/Ber) i » 9(N)
Be(r)/ BN i + 9(r)

%, 1/ Frnin 0 N
0 M

Fig. 3. Comparison of the scaled VMHNC based revised pair potentials for liquid lithium
obtained from the experimental data set taken from Ref. [30] at (a) 526 K and (b) 574 K with
NPA ones. Same captionsasin Fig. 2.

Comparisons of our VMHNC results with the NPA potentials, show that VMHNC inversion
scheme gives dways shallower potentials at  thermodynamic states. It should be noted that VMHNC
based potentials show correct trends with decreasing density if the both data sets are taken into ac-
count separatdy.

The scded revised potentials extracted from the experimenta data of the first data set at

725K using the VMHNC inversion are shown in Fig. 4, along with the corresponding g(r) vs. r
obtained by the FT of the extrapolated experimental structure data. For comparison we have also

plotted the scaled potential U(r) of mean force, as U(r) = kT Ing,,,, (1), and the scaled NPA po-
tential in the same figure. It can be seen that the VMHNC based revised potentid agrees quite well
with the NPA potentia at the long range distances when BU(r) and B¢(r) based on VMHNC inver-
sion are excellent agreement at small r. This difference between BU(r) and B¢(r) does reflect the
direct corrdation function c(r), which is re ated to asymptotic behaviour of Bg(r) at larger. It isclear
that the VMHNC inversion scheme corrects these uncertainties in ¢(r) at long range distances.
Since the contribution from the bridge function B(r) is small at low densities, B¢(r) does not depend
so much on the gpproxi mation for the bridge function in this range.
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BAr)/BAmin + 9(r)
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Fig. 4. The scaled revised pair potentias for liquid Li at 725K a ong with the corresponding
g(r) vs. r”. Samecaption asin Fig. 2 for VMHNC based inversions and NPA. Asterisks
show the scaled potential U(r) of mean force.

3.3. Thermodynamic properties

We have checked some thermodynamic properties of liquid lithium at the thermodynamic
states givenin Table The structural contribution to theinternad energy of the metal can be written as

Ustr
N

= 2Trpj r’@(r)g(r)dr. (17)
0

The structurd part of energy per particlein units of KT(Ug,, ) is denoted by ug, . A similar con-
tribution can be performed for the free energy f, say, f,, issuchthat f, =u,, . f is the Hdmholtz
free energy per particle in units of kT (F/NKT). The total entropy per particle in units of k
(S/ NK) will be given by

S= Sid + Seg + Sstr (18)
The electron gas entropy S, is defined as,
— 2 2,\1/3
Se = (MKT/72%)(TZ/9p7) (29)

where misthe dectron mass and 7 is Planck’s constant. The trends of thermodynamic properties of
liquid lithium with temperature are shown in Fig. 5. The structura part of internal energy Ug, (in

NKT units) and excess entropy S° (in Nk units) calculated from the VMHNC inversion scheme at
several temperatures are given comparing with those obtained from NPA+VMHNC method. We
aso give a comparison of the calculated excess entropies with experimental data taken from Ref.
[29] in the same figure. We bdieve that both data set should be compared separatdy with NPA. It is
seenthat in Fig. 5, the values of ug, for thefirst data set, namely at 470K, 595K and 725K show the

correct trends for the characteristic features of the density dependence of the VMHNC inverted po-
tentials. They are good agreement with those obtained from NPA+VMHNC . The repulsive part of
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Bq(r) becomes softer and the attractive part of the potential becomes weaker and longer ranged as
density decreases. It can be easily seen the same trends for Uy, of the second data set. Comparing
the excess entropies with NPA ones shows that VMHNC inversion scheme gives more accurate

results. The excess entropy S°isvery important thermodynamic quantity for testing the quality of a
given inter atomic interaction.

Finally, it is safe to say that the single-step VMHNC inversion method performs wel for
liquid Li at presented thermodynamic states, except near its mdting. We suggest the MHNC+PAD
inversion scheme for liquid metals at their melting points. However the difference between the pa-
rameterised bridge function and revised bridge function at short distances might be a cause of con-
cern for other liquid metals near their mdting points. The aim of this paper is not to provide a degper
insight on the behaviour of the bridge function in liquid metals at their melting. Calculations by the
presented MHNC+PAD procedure are now undertaken for testing the applicability of the inversion
scheme for different liquid metals.

0 —

@ )

U (NKT)
£
|
S(NK)
&
|

E -4
8 \ \ \ \ \ \ \ \

400 500 600 700 800 400 500 600 700 800
Temperature (K) Temperature (K)

Fig. 5. Variation of the structure part of internal energy us, (in NKT units) (a) and excess en-

tropy s° (in Nk units) (b) of liquid lithium. Open triangles denote ug, and s° results from

present work., open circles with dashed line show NPA+VMHNC resultsfor ug and s,
solid line, experimental datafor excess entropy taken from Ref.[29].
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