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 1. Introduction 
 
             Much interest has been devoted to the study of the photoluminescence (PL) in hydrogenated 
amorphous silicon (a-Si:H) in the last two decades [1], because it provides direct information about 
the electronic states and carrier dynamics in the material. Some controversies have recently 
occurred, concerning the magnitude of the radiative lifetime in a-Si:H. Using time-resolved 
spectroscopy (TRS), Wilson et al. [2] observed PL peaks with radiative l ifetimes in the nanosecond 
(ns), microsecond ( � s) and millisecond (ms) time ranges in a-Si:H, at a temperature of 15 K. In 
contrast to this, using quadrature frequency resolved spectroscopy (QFRS), other groups [3-6] have 
observed only a double peak structure of PL in a-Si:H at liquid helium temperature. One peak 
appears at a short time, in the � s range, and the other in the ms range. Using an effective mass 
approach, a theory for the excitonic states in amorphous semiconductors has been developed by 
Singh et al. [7] and the occurrence of the double peak structure has successfully been explained. The 
theory also enables one to calculate the energy difference between the singlet and triplet states, and it 
has been successfully applied to both a-Si:H and a-Ge:H. 
            In this paper, a theory for the spontaneous emission and radiative lifetime due to 
recombination of excitons in amorphous semiconductors is presented. Four possibilities are 
considered: (i) both the excited electron and hole are in their extended states, (ii) the electron is in 
the extended and the hole in tail states, (ii i) the electron is in tail and the hole in extended states and 
(iv) both are in their tail states. It is assumed that an exciton can be formed between an excited 
electron (e) and hole (h) pair, by a photon of energy higher than the optical gap energy, such that 
initially both the charge carriers are in their extended states. It is further assumed that as an exciton 
so created relaxes downward to tail states, it retains its identified excitonic Bohr radius and binding 
energy, until the charge carriers recombine radiatively by emitting a photon. Thus, the excitonic 
relaxation is restricted by the excitonic internal energy quantum states and therefore it is not as fast 
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as the thermal relaxation of free carriers (not bound in excitons). We have derived the rates of 
spontaneous emission within the two-level  approximation, and under both non-equilibrium and 
equil ibrium conditions. It is found that the rates derived are not applicable for studying the excitonic 
PL radiative lifetime in amorphous semiconductors. Rates derived under equilibrium are used to 
calculate the PL radiative lifetime in a-Si:H. It is shown that the radiative recombination directl y 
from the extended-to-extended states is much faster than the radiative recombination from the tail-
to-tail states. The radiative li fetime is prolonged for tail-to-tail state transitions, due to the 
localization of the charge carriers. 
 
 
 2. Transition matrix element for recombination 
 
             We consider an exciton excited such that its electron (e) is in the conduction states and hole 
(h) in the valence states, and then they recombine radiatively by emitting a photon due to the 

exciton-photon interaction. Using the centre of mass, 
M

mm hhee
x

rr
R

** +
=  and relative 

he rrr −= coordinate transformations, the interaction operator between a pair of excited e and h and 
a photon can be transformed into: 
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A  is the vector potential, n  the refractive index, V the 

volume of the material, λω the frequency, +
λc the creation operator of a photon in a mode λ , and 

λε̂ the unit polarization vector of photons. ri ∇−= �p  is the linear momentum associated with 

relative motion between e and h in an exciton, and xµ is the excitonic reduced mass 

( 1*1*1 −−− += hex mmµ ).The operator in Eq. (1) does not depend on the centre of mass motion of the 
exciton. The second term of A corresponds to the absorption, and will not be considered hereafter. 
             For amorphous solids, it is important to distinguish whether the excited charge carriers are 
created in the extended states or tail states [7-9]. For studying PL, therefore, it is important to 
identify which one of the above four possibil ities we are dealing with. This is because charge 
carriers have different wave functions, effective masses, and hence different excitonic Bohr radii in 
their extended and tail states [7-9]. 
              The field operator )(ˆ ec rψ  of an electron in the conduction states can be written as: 
 

                            cl
l

elleec aiN )().exp()(ˆ 2/1 	= − rRtr φψ  ,                                             (2)  

                                               

where N is the number of atoms in the sample, lR  is the position vector of an atomic site at which 

the electron is created, )( el rφ  is the wave function of an electron at the excited site l, er  is the 

position coordinate of the electron with respect to site l , and et  is given by: 
 

                                       
/)(2|| *
ceeee EEmt −==t ,                                                 (3) 

 
where Ee is the energy of the electron and Ec is that of the electronic mobility edge. acl is the 
annihilation operator of an electron at a site l in the conduction c states. According to Eq. (3), if the 
electron energy Ee is above the mobility edge, then the electron moves as a free particle in the 
conduction extended states, but if Ee < Ec the electron gets localized as te becomes imaginary and the 
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envelope function becomes exponentially decreasing. Likewise, the field operator, )(ˆ hv rψ , of a 

hole excited with an energy Eh in the valence states can be written as [1,7-9]: 
 

                                    vl
l

hllhhv diN )().exp()(ˆ 2/1 � −= − rRtr φψ  , += vlvl ad ,                               (4) 

 

where �/)(2|| *
hvhhh EEmt −==t , with Ev being the energy of the valence band mobility edge, 

and dvl annihilation operator of a hole in the valence states, v, with energy Eh. 
             We now consider a transition from an initial state with one exciton created by exciting an 
electron at site, say, l and a hole at site m (any other site is assumed to have zero excitons), and no 
photons to a final state with no excitons but one photon emitted in a mode λ . The initial state, |i> 
can be expressed in terms of the occupation numbers as: |i> = |0, 0, ... 1_{ (cl, vm)} , 0, 0, ...,0>|0>  

= |1>|0> and the final state as: |f> = |0>|0, 0, ..., λ1 , 0, 0, ...,0> = |0>|1>.Using Eqs.(1), (2) and (4), 

the transition matrix element is then obtained as: 
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and 

                                       hehmellm ddZ rrrpr )(ˆ)( ** φεφ λλ � ⋅=  .                                               (7)  
 
             Two approaches have been used to evaluate the integral λlmZ  in amorphous solids. In the 
first approach, it is assumed to be a constant and independent of the photon energy as, 

( ) 2/1
1 /VLZZ lm πλ == , where L is the average bond length in a sample. In the second approach, 

the integral is evaluated within the dipole approximation [1] as, ehxlm riZZ ωµλ == 2 , where 

vc EE ′−′=ω�  is the emitted photon energy and ehr  is the average separation between the excited 
electron-hole pair, which can also be assumed to be site independent. In the case of excitons, it can 
be easily assumed that exeh ar = . Thus, through both approaches the integral becomes site 
independent and can be taken out of the summation. 
 
 
 3. Rate of recombination 

 
 Using Eq. (5) and applying Fermi's golden rule, the rate of spontaneous emission Rsp (s

-1) 
can be written as [10,11]: 
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where fc and fv are the probabilities of occupation of an electron in the conduction and a hole in the 
valence states, respectively. Eq. (8) can be evaluated under several conditions, as described below. 
 
            3.1. The two level approximation 
 
            This is valid only for atomic systems where an electron takes a downward transition from an 
excited state to the ground state; no energy bands are involved. In this case, fc = fv = 1 and then 
denoting the corresponding rate of spontaneous emission by Rsp12, we get: 
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where 12 EE −=ω�

, which is the energy difference between the excited E2 and ground E1 states, |r| 

is the average dipole length, ( )04/1 πεκ = , c is the velocity of light and ε  is the static dielectric 
constant. In this case, the transition matrix element is derived using the dipole approximation that 
gives 2ZZ lm =λ , as obtained above. The rate in Eq. (9) is well known [2], and is independent of the 
electron and hole masses and temperature. As only two discrete energy levels are considered, the 
density of states is not used in the derivation. Therefore, although using |r| = aex,, the excitonic Bohr 
radius, the rate Rsp12 has been applied for a-Si:H [2] it should only be used for calculating the 
radiative recombination in isolated atoms, not in condensed matter.   
 
             3.2 Recombination in amorphous solids in non-equilibrium 
 
              It may be argued that the short-time photoluminescence can occur before the system 
reaches thermal equilibrium, and therefore no equilibrium distribution functions can be used for the 
excited charge carriers. In this case, one should also use fc = fv = 1 in Eq. (8). However, as the 
carriers are excited by the same energy photons, even in a short time delay, they may be expected to 
be in thermal equilibrium among themselves, but not necessarily with the lattice. Then they wil l 
relax according to an equilibrium distribution. As the electronic states of amorphous solids include 
the localized tail states, it is more appropriate to use the Maxwell-Boltzmann distribution for this 
situation. We will first consider radiative recombination in non-equilibrium, and then in equilibrium. 

             For the possibil ities (i) –(i ii), using Eq. (6) we obtain 22 |||| icv Zp = , i = 1,2, from the two 
approaches and then the corresponding rates of spontaneous emission, denoted by Rspni , become: 
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where the subscript spn denotes the rate of spontaneous emission under non-equilibrium conditions. 
For evaluating the summations over cE ′  and vE ′  in Eqs. (10) and (11), the normal approach is to 
convert it into an integral by using the excitonic density of states, which can be obtained as follows. 
Using the effective mass approximation, the joint excitonic density of states is obtained as 
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, where Ex is the energy of an exciton state. Using this, the 

summation in Eqs. (10) and (11) can be converted into an integral, which can be easily evaluated. 
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ΘΘΘΘ  is a step function used to 

indicate that there is no radiative recombination for 0E<ω�
, and J denotes that these rates are 

derived through the joint density of states. It is important to remember that the use of such a joint 
density of states for amorphous semiconductors does not give the well known Tauc relation [1] in 
the absorption coefficient. Therefore, by using it in calculating the rate of spontaneous emission, one 
would violate the Van Roosbroeck and Shockley relation [12] between the absorption and emission. 
For this reason, the product of the individual electron and hole densities of states is used in 
evaluating the summations in Eqs. (10) and (11) for amorphous semiconductors [1,13-14]. 
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             Using the product of the individual densities of states as 2/1
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where *
em  and *

hm  in the electron and hole density of states have been replaced by xµ for excitonic 
transitions. It may be emphasized here that E0 , defined as the energy of the optical gap, is not 
always the same for amorphous solids. It depends on the lowest excitonic state formed before the 
radiative recombination, and it is not easy to determine; either theoretically or experimentally. 
             For the possibility (iv), where both e and h have relaxed down into the tail states before their 

radiative recombination, pcv in Eq. (6) is obtained as )2exp(|||| 22
exeicv atZp ′−= , i = 1,2, where 	

/)(2 *
ecee EEmt −=′ . Using this and the individual densities of states, the rates of spontaneous 

emission are obtained as: 
 

                                            )2exp( exespnispnti atRR ′−= ,  i = 1,2,                                          (14) 

 
where the subscript spnt stands for the spontaneous emission under non-equilibrium conditions from 
tail-to-tail states. ( ) )4/(5 0 xex aa µµε=  is the excitonic Bohr radius in the tail states, where µ  is the 
reduced mass of the electron in the hydrogen atom and a0 = 0.529 
  is the Bohr radius. The above 
rates do not have any peak structures, hence they cannot be used to determine E0. However, unless 
one knows the relevant effective masses of charge carriers and the value of E0 , these rates cannot be 
calculated. The effective mass of charge carriers in amorphous solids has recently been derived [1] 
but E0 is not known. For this reason, it is useful first to derive these rates under thermal equilibrium 
as well, as shown below: 

 
 
              3.3 Recombination in thermal equilibrium 

 
       Assuming that the excited charge carriers are in thermal equilibrium among themselves, the 

distribution functions fc and fv, can be given by the Maxwell-Boltzmann distribution functions as 
]/)(exp[ TEEf BFnec κ−−= and ]/)(exp[ TEEf BhFpv κ−−= , where EFn and EFp are the electron 

and hole Fermi energies. This gives ]/)(exp[ 0 TEff Bvc κω −−≈ � ,and using this in Eq. (8) we get 
the two rates denoted by Rspi, (i = 1, 2) at equilibrium for the possibilities (i) - (iii) as: 

 
                        ]/)(exp[ 0 TERR Bspnispi κω −−= � ,  i =1,2 ,                                              (17) 

 
and for the possibility (iv), tail-to-tail states transitions, we get the two rates Rspti as:  
 

                       ]/)(exp[ 0 TERR Bspntispti κω −−=  ,  i=1,2                                   (18) 
 

The rates derived in Eqs. (15) and (16) have a maximum value, which can be used to 
determine E0 as described below.  
              We assume that the peak of the observed PL intensity is proportional to that of the rate of 
spontaneous emission obtained in Eqs. (15) and (16). The PL intensity as a function of ω�

has been 
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measured in a-Si:H [2,15,16]. By comparing the experimental energy thus obtained with the energy 
corresponding to the maximum of the rate, we can determine E0. Defining 0Ex −= ω�

  

(x > 0) and TBκβ = , and then setting 0/ =dxdRspi  (i =1,2), we can derive the corresponding E0 

from Eq. (15) as: 
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where Emx is the emission energy at which the PL maximum is observed experimentally. The 
radiative lifetime, rτ , is then obtained from the inverse of the maximum rate ( max/1 Rr =τ ) 

calculated at mxE=ω�
. 

 
 

              4. Results 
 
             The effective masses of e and h, required for calculating the rates in Eqs. (15) and (16), have 
recentl y been derived for amorphous solids [1]. Accordingly, one gets different effective masses for 
a charge carrier in its extended and tail states, and for sp3 hybrid systems the electron effective mass 
is found to be the same as the hole effective mass. Thus, in a sample of a-Si:H with 1 at.% weak 
bonds contributing to the tail states, we get the effective mass of a charge carrier in the extended 

states as **
hxex mm =  = 0.34 em  and in the tail states as **

htet mm =  = 7.1 em [1].  
              For finding E01 and E02 from Eq. (17), we need to know the value of Emx and the carrier 
(exciton) temperature T. Wilson et al. [2] have measured the PL intensity as a function of the 
emission energy for three different samples of a-Si:H at 15 K. Stearns [15] and very recently Aoki 
[16] have also measured it at 20 K and 3.7 K, respectively. The values of Emx estimated from these 
three measurements at 3.7 K, 15 K and 20 K are obtained as 1.360 eV, 1.401 eV and 1.450 eV, 
respectively. These values of Emx are below the mobility edge Ec by about 0.44 eV at 3.7 K,  
0.40 eV at 15 K and 0.35 eV at 20 K. This means that most excited charge carriers have relaxed 
down below their mobility edges in these experiments, and are not hot carriers anymore. They can 
be assumed to be in thermal equilibrium with the lattice. Substituting the above values of Emx and the 
corresponding lattice temperatures in Eq. (17), the values of E01 and E02 are found to be the same, i.e. 
E01 = E01 = E0 = 1.359 eV, 1.398 eV and 1.447 at 3.7 K, 15 K and 20 K, respectively. 
                

Table 1. The maximum values of rates calculated at mxE=ω�
from Eqs. (15) and (16) and 

the corresponding  lifetimes  at  temperatures 3.7 K, 15 K and 20 K. The results are indicated  
                by superscripts a, b and c for possibilities (i), (ii)-(iii) and (iv), respectively. 

 
T (K) Rsp1 (s

-1) 1rτ  Rsp2 (s
-1) 2rτ  

3.7a 7.77×106 0.1µ s 8.38×106 0.1 µ s 

15a 1.58×108 6.3 ns 2.05×108 4.9 ns 
20a 2.77×108 3.6 ns 3.72×108 2.7 ns 
3.7 b 1.47×107 0.1µ s 1.62×107 0.1µ s 
15b 2.97×108 3.4ns 3.43×108 2.9 ns 
20b 5.22×108 1.9 ns 1.08×108 0.9 ns 
3.7c 0.51×106 1.9 µ s 0.55×106 1.8 µ s 

15c 1.04×107 1.04×107 1.18×107 0.1 µ s 

20c 1.08×107 0.1µ s 2.14×107 0.1µ s 

              
 

For calculating the rate for the possibil ity (i), the excitonic reduced mass is obtained as            

xµ = 0.17 em and the excitonic Bohr radius as 4.67 nm. For the possibili ties (ii) and (ii i), where one 
of the charge carriers of an exciton is in its extended states and the other in its tail states, we get          

exµ  = 0.32 em , and the corresponding excitonic Bohr radius is 2.5 nm. For the possibili ty (iv), we 
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get exµ  = 3.55 em , aex = 2.23 Å and et′  = 1.29 × 1010 m-1. Using these in Eqs. (15) and (16), we can 
calculate the rates of radiative recombination for the possibili ties (i) - (iv) at any photon energy ω�

. 
However, for calculating the radiative li fetime, we will calculate the rates only at mxE=ω�

. In 

Table 1, we have listed the maximum values of the rates calculated at mxE=ω�
for the possibilities 

(i), (i i)-(ii i) and (iv) from both the approaches of evaluating the integral in Eq. (7). For the 
possibili ties (i) –(ii i), the rates are of the order of 108 s-1 from both the approaches for E0, mxE  and 

temperature obtained from Wilson et al. [2] and Sterns' [15] experiments, but one to two orders of 
magnitude less for E0, mxE  and temperature obtained from the recent measurements of Aoki et al. 

[16]. For the possibility (iv), the rates are one to two orders of magnitude slower. 
              According to Table 1, the radiative li fetimes for the possibilities (i)-(iii) are found to be in 
the ns time range for the experiments of Wilson et al. and Sterns, which agree very well with their 
experimental results. Also the radiative l ifetimes calculated for the data of Aoki et al., for the 
possibili ties (i) – (iii) are found to be of the order of 0.1 µ s, which agrees very well with their 
measured lifetimes in theµ s time range. Aoki et al. have not observed any peak in the ns region. 
The lifetimes for the possibility (iv) are found to be an order of magnitude longer than those for 
possibili ties (i) – (iii).  
 
 
              5. Discussion 
 
             A comprehensive theory for calculating the rate of spontaneous emission from excitons in 
amorphous semiconductors has been presented. It was applied to calculate the rate of spontaneous 
emission for three samples of a-Si:H for which the PL spectra have been measured at 3.7 K [16],           
15 K [2] and 20 K [15]. The rate is independent of the excitation density but it increases (and hence 
the radiative lifetime becomes shorter) as the PL energy increases, which is quite consistent with the 
observed results [4]. Eq. (19) produces different values of E0 for different values of Emx. Such a 
change in E0 can only be possible in amorphous solids, which do not have a well defined energy gap. 
Therefore the excited charge carriers can relax down to different E0 through the four different 
possibili ties. 
        In order to understand the PL mechanism, it is important to know the value of the exciton 
binding energy in the possibilities (i) – (iv). The ground state singlet exciton binding energy Es in 

amorphous solids is obtained as [7]: 
222

0

4

)4(20

9
�επε

µ e
E ex

s = . This gives Es ~ 16 meV for the 

possibili ty (i), 47 meV for the possibilities (ii) and (iii), and 0.33 eV for the possibility (iv) for  
a-Si:H. The known optical gap for a-Si:H is 1.8 eV [1] and Emx estimated from experiments is about 
1.36 eV [16], 1.401 eV [2] and 1.45 eV [15] measured at 3.7 K, 15 K and 20 K, respectively. 
Considering the PL in a-Si:H originating from the excitonic states, we find a Stokes shi ft of about 
0.44 eV, 0.40 eV and 0.35 eV at temperatures of 3.7 K, 15 K and 20 K, respectively, which are close 
to each other. Such a large Stokes shi ft cannot only be due to the exciton binding energy, which is at 
most in the meV range for possibilities (i) - (i ii). As the non-radiative relaxation of excitons is very 
fast in a-Si:H, not much PL may occur through the possibility (i). It is more likely to occur from 
transitions involving the possibili ties (ii) - (iv). As the charge carrier-lattice interaction is much 
stronger in a-Si:H than in crystalline Si [1], an excited hole gets self-trapped very fast in the tail 
states. Thus a Stokes shift of about 0.4 eV in all three experiments can be expected to be due to 
relaxation of holes in excitons to the tail states plus the excitonic binding energy. Small 
discrepancies in the experimental Stokes shi ft may be attributed to the different temperatures of the 
three measurements. Thus, the PL observed in the three experiments originates from the possibil ity 
(ii), for which the radiative l ifetime is in the ns range at 15 K and 20 K and in theµ s range at 3.7 K. 
The radiative lifetime is sensitive to the time delay, E0, Emx and the measurement temperature. 
                Wilson et al. [2] have also observed the lifetime to be in the µ s range, which may be 
attributed to the possibility (iv). However, according to Table 1, the data of Aoki et al. also gives a 
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radiative lifetime in the µ s from the possibility (iv), but the Stokes shift is too small to have both 
charge carriers in the tail states bound in excitonic states. As an exciton relaxes into the tail states, its 
Bohr radius is retained but not its excitonic motion due to localization. It becomes a geminate pair. 
Thus, in a-Si:H two types of geminate pair are possible, i) from excitons and ii) from other excited e 
and h. The latter is likely to have larger separation and hence a slower radiative lifetime. Such a 
slower lifetime has recently been observed [16]. 
  
 
              6. Conclusions 
 
              It is shown that the excitation density independent PL observed in amorphous 
semiconductors arises from the radiative recombination of excitons. Both the Stokes shift and the 
radiative lifetimes should be taken into account in determining the PL energy states. Although the 
radiative lifetimes for possibilities (i) to (iii) are of the same order of magnitude, the Stokes shi ft 
observed in the PL at higher temperatures (>15 K) suggest that these recombinations occur from 
extended-to-tail states (possibility (i i)) in a-Si:H.  
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