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FOUR-CENTER RESONANCE ENERGY TRANSFER
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The four-center resonance energy transfer in the framework of multipolar Hamiltonian
formalism of interaction of the ions with the loca transverse compound of the
electromagnetic field has been investigated. The structure of the transfer amplitude points to
distinct transfer mechanisms. The particular case of rare-earth ions was considered when
calculating the transition dipoles matrix elements.
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1. Introduction

When the absorption of light leads to e ectronic excitation, the associated energy is rapidly
conveyed from the site of initial deposition to ancther. This phenomenon is well known in many
aress of solid state physic and its distance dependence is important, for instance, in the detailed
structura analysis of proteins[1,2]. When the energy transfer from donor to acceptor takes place
between two chemically distinct species separated beyond wave function overlap, it has generaly
been considered as potentialy involving two distinct mechanisms: at short distances, radiationless
transfer with an inverse sixth power dependence on the donor-acceptor separation and at longer
distances, radiative transfer identifiable with the well-known inverse square law. At intermediate
distances, the dependence of transfer probability on donor-acceptor separaion proved to be more
complicated. The recent development of a unified theory of resonance energy transfer (RET), based
on quantum e ectrodynamics, has identified these two mechanisms as the long- and short-range limit
of amore generd mechanism [3].

Besides the applications at the study of optical energy harvesting, solar energy conversion
and photosynthesis [4], it is widdy acknowledged that resonance energy transfer plays a highly
important role in the photophysics of rare earth doped crystals (Pr**), used as solid-state |aser media
The rdative position of the rare earths energy leves generaly affords excellent opportunities for the
design of materialsto invoke not only conventional RET, but also higher order effects.

The rare-earths have a number of unigue features making them highly interesting as systems
for quantum computing. The optical transitions considered here invol ve dectrons situated in an inner
shdl, the f-shdl, which is shidded from perturbations induced by the environment, the consequence
being that the rare-earth ions have very narrow homogeneous linewidths. On the other hand, the
exact frequencies of these transitions depend strongly on the surrounding dectric fidds. The
remarkable combination of narrow homogeneous linewidths and large inhomogeneous broadening
provides possibilities to address narrow individua frequency channds within a large frequency
interval [6-8]. It gives the possibility for redization of a controlled dynamics, alowing
implementation of n-bit quantum gates.

For the implementation of quantum computing in particular systemsiit is of greet interest to
compare the decay rates of the excited rare-earth states along different channds. radiative,
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nonradiative and phononic.

Firstly, collective process of RET was studied by Andrews for three centers [9,10].

The god of the present work is to build up a systematic theory for four-center RET. There
are severd reasons for the interest in a collective RET process. One is that it may represent the
multicenter energy pooling process. Any such process affords a means of promoting the acceptor
site to a state higher in energy than any individua initially excited donor. Compared to a multistep
process, it wouldn't be necessary for suitably placed intermediate energy | eves of the acceptor. The
collective RET aso provides the possibility of exploiting the intrinsic dependence on the mutual
orientation of the donors and the acceptor. As about the multiphoton excitation of the acceptor
directly from the pump laser fidd, there is a greater probability of the photons to be captured by any
separate donorsin itsvicinity [5].

In the section 2 we introduce the formalism of quantum € ectrodynamics, define the system
Hamiltonian, classify the interaction diagrams and receive the general expression for the four-center
transition probability amplitude in the sixth order of perturbation theory. In the section 3 we discuss
the differences between the classes of diagrams, the structure of the probability amplitude, the
possible associated phenomena. In the section 4 we point out to some specific properties of
transition dipole matrix € ements of rare-earths.

2. The multipolar formalism of interaction of the centers with the
local transverse compound of the electromagnetic field

The goal of this section is to calculate the four-center transfer rate I . First, we need to
compute the transfer probability amplitude and consequently to introduce it into the Fermi golden
rule

r=Q@ainM,| p 1)

with o being the density of the acceptor final states. In the following we introduce the formalism of
guantum e ectrodynamics (QED) in order to compute the matrix € ement connecting the initial state
|i) tothefinal state | ).

Let the chemically identical donor molecules (D,,D,,D,) beginin an aready excited state
|1) and progress to the dectronic ground state |0). The acceptor molecule A evolves from the
ground state |O) to the excited state |1) via transferal of the excitation energies of the tributaries
(D,,D,,D,) . The resonance condition requires that 3E,} = EZ, where E;} isthe energy lost by a
donor, and Ej; that gained by the acceptor. Using the formalism of QED, the transfer results from

the change of virtual photons associated with radiation modes p =(p,A), where P is the photon

impulse, and A denotes its polarization. The molecules coupled to several photonic propagators
pass through virtual states that we will represent as a, b.
The full Hamiltonian for such a system can be written as:

— 3 3
H= SHO+ SHO+H, @
£=A,D;,D,,D, £=A,D;,D,,D,

where H® is the Hamiltonian of the molecule &, H,,, the Hamiltonian of the e ectromagnetic

fid, and H% the molecule — loca field coupling Hamiltonian with the transverse compound. In

int

the e ectric dipol e approximation the latter operator is given by:

H® =-g'a(&)d" (R) ©)
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with fi(¢) being the electric dipole moment operator for the considered transition and Fq{e the

position vector of molecule &. The transverse dectric displacement field operator a”(ﬁ) can be
expressed in terms of a mode expansion:

1/2
d"(R) = Z(hczvﬁj i[é(p)a(p)e™ ~& (p)a’ (p)e™)] @
p
Here €(p) is the polarization vector, a*(a) the creation (annihilation) operators, and V the
guantization volume.
The probability amplitude or matrix e ement between theinitia state |i) and final state | f )
is given by the sixth order of perturbation theory corresponding to the three photon creation and
three photon annihilation events:

5 {1 P)CPIHH | G i [N i) H i [ o )

()
p,q.r,s;t (EI - Ep)(EI - Eq)(EI - Er )(EI - ES)(EI - Et)

M, =

where E, isthe energy of the state |n), whichis of theform | D,,, D,,, Dy, A)rad, ).
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2

Fig 1. Example of diagrams, corresponding to different transfer mechanisms, generating the
whole set of the intermediate states trough events permutation.

The sum in (5) is performed over the complete set of intermediate states that can be
generated through permutation of the events in the diagrams represented, for example, in Fig. 1.
They were obtained from topological reasons pointing to two different possbilities of conexion of
molecular and photonic propagators. First, dl three photonic propagators may be coupled, at one
extremity, to a molecule propagator, arising formally as “acceptor”, and at the other extremity with
the rest of molecule propagators, intervening here formaly as “donors’. It is dso possible that a
molecule propagator, “donor”, is coupled to another, denoted “acceptor”, through a photon
propagator and this subsystem is coupled in its turn to another similar one. In the latter case, we
formaly have two “acceptors’ coupled each to two photons, so we may expect that the mechanism
reduces to two three center interactions. Taking into account the distinctibility of the molecules we
get four classes of diagrams of the first kind and twelve of the second, which are exemplified in the
Fig. 1. Each one generates through permutation a class of 61=720 diagrams. The entire set of

complete states comprises 11520 diagrams. One may sum up the contributions of all diagrams
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making a simple code in Mathematica, for instance. Finally one gets the following expression for the
transfer probability amplitude:

M; =M A +ZM (D) +ZM’(ADirDj) +ZMéA,Dj)
i ] i

©

where for example

3) (10)(A)
M® = ﬂi?l(Dl)ﬂigl(Dz)/fligl(Da) (az Jl2ls (_C‘Jv_C‘Jv_C‘J)Vilj1 (K, F‘)1)Vi2j2 (k, RZ)Vi3j3 (k, Rs)
(3)(01)(Dy)
M ) = M?l(Dz)ﬂigl(Da)ﬂio (A A iivis (_a)v_a)13a))vi1j1 KRy )\/izjz (k, R13)Vi3j3 (€ ) )
(2) (01)(Dy) (2) (Q0)(A)
M /(ADZ'Dg) = ,ui?l(Dz).uigl(Da) i, (Cw-w) a i, (_54)1_25‘))Vi1j1 (K, Rz)vi2j2 (K, R13)Vi3j3 (2K, R1)
(2)(01)(Dy) (2)(01)(D,)

M ngg) = ,ui?l(A),uizl(Da) i, (Cw-w) ai; (_25‘)1364))Vi1j1 (3K, R, )Vi2j2 (K, R13)Vi3j3 (2k,R))

Here £4™ arethe matrix elements of the transition dipole moments between the states |@) and | 3),

(3)01 (3)01
aix and Qgijk arethetwo- and three-photon absorption tensors respectivey:
@ AT Ky
a”fl(ia&’iwz):z M y] + y] yl 1
7 \E,thw E, thw,
o A ik (Fa,,Fw i i ) a i(fw, F
anf(+a)1,+w2,+w2):z pea kG, 2)+/j' o TR | K (e, ¥)
7 ic Tho, £ ho, B, thw thow, B, thw, thw

Above V; (k, R) isthe retarded e ectri c-dipole potential of interacti on according to Andrews:
~ 1 A _ - o~
V; (k,R) = m[(5ij -3R R;)(coskR+ kRsinkR) - (J;, ~ RR;)k’R? coskR]  (8)
0

In the short range this coupling displays a R™ distance dependence, though the terms
linear and quadratic in KR increasingly modify the behavior as R increases. In practice, the term
“short distance” indicates separations below 100 A. The transfer rate ' can be caculated
substituting the matrix eement (6) into the Fermi golden rule (1). If the resonance condition is
satisfied only approximatdy, then RET proceeds only with the absorption or emission of phonons.
The transfer rate (1) may be cdculated using the same matrix dement (6), but the calculus of g

requires the consideration of the dectron-phonon interaction. An efficient way to include the above
contribution is the approximation of resonant € ectron-phonon interaction [11].

3. Distinct mechanisms. Differences

The classes of diagrams deduced in the previous section correspond to four distinct
mechanisms, yet they can be grouped two by two according to their structure. The first two,
represented in Fig. 2 are irreducible collective processes of the sixth order as it may be easily seen

directly from the corresponding diagrams, as well as from the presencein M ) of the three-photon
absorption tensor. In the first case, the acceptor being coupled to the donors receives the excitation
energy directly, in the second one, the coupling only with one donor, requires an accretive
mechanism of transfer. We shall denote them irreducible direct (IR-D) and irreducible indirect
mechanism (IR-IN). The last two are also sixth order mechanisms, but structurally reducible to two
fourth order ones. The differences between them are the same as in the previous case. We shall cdl
them reducible direct (R-D) and reducible indirect (R-1N) mechanisms.
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Fig. 2. Transfer mechanisms: IR and R denoting irreducible and reducible, D and IN — direct
and indirect mechanisms respectively.

The D mechanism dominates in energy pooling phenomena from the donors to the acceptor.
The IN mechanism prevails in sensitization processes. The dependence on the molecules mutual
distances of each mechanism and the geometry of the transfer for significant probabilities is
illustrated in Fig. 3, where each segment joining two centers represents the separation between them.

A ]

IR-IN
D——e—
R-D
*—_——
R-IN

Fig. 3. lllustrated probability amplitude dependence on the distances between the centers.

4. The specific of rare-earths

The matrix elements of the dipole operator for the transitions of the f-shel PR*" dectrons
give zero if their caculation is made in the framework of the same two-level atoms mode. The
transitions become possible due to the perturbations exerted by the above lying levels. Ther
theoretical computing is difficult and one applies a semi-empirica evaluation with the usage of Judd
parameters [12]. Substituting the matrix € ements (6) in (1) and taking the square power one gets, for
a fixed mutual dipole orientation of the centers, the expressions of the sguare of the dipole

" 2
moments‘ u"® ‘ . Wewill dlassify the dectronic states of the centers according to their point group

symmetry. The initial and final states have the following form in the basis of the above mentioned
representation:

@) =28, [3..M,) )
Ma
these matrix € ements can be brought to the form:

2 2 ‘<Jf’Mf ‘,Uk|Ji,Mi>

‘2
k=x,y,zM; ,M;

i (10)

- ZQA‘<JfHU”HJi>
A1=2,4,6
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where U” are the spherical irreducible tensors, Q , are the Judd parameters and their value can be
found in specia tables, J, isthe dimension of the representation, M, is the index of the energy
levels degeneracy reatively therotational symmetry, and @ cantakethevauesi or f .

5. Conclusion

In this work has been studied, for the most general case, the four-center resonance energy
transfer. We analyzed the topological structure of the diagrams describing the phenomenon,
identifying, thus, distinct mechanism of transfer according to the acceptor coupling to the donors and
to the reducibility of the diagrams.

Compared to the three center resonance energy transfer [9,10] in the present case we met a
reducible class of diagrams. The efficiency of the D mechanisms related to IN ones depends strongly
on the relation between the mutual distances of the donors and of the acceptor-donor distances. For
numerical applications we considered the computing of the Pr** dipole transition operator matrix
e ements using Judd parameters.
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