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The residual stresses of FeBSi-type in an ingot mould 
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In this paper we analysed the internal residual stresses that appear during the rapid cooling of a FeBSi-type alloy, lain in the 
interior channel of an ingot mould whose exterior walls are maintained at the room temperature. The theoretical model 
presented in the paper emphasizes in a complete and synthetical manner, the spatio-temporal distribution of the induced 
stresses in a FeBSi-type alloy during its cooling to the room temperature, taking into account both the thermal behaviour of 
the alloy and the supplementary stresses induced by the ingot-mould, as a result of the difference between the thermal 
expansion coefficients of the two materials in contact. 
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1. Introduction 
 
The aim of this paper is to evaluate of the thermal 

stresses during the cooling of an alloy in the inner vertical 
channel of an ingot mould, whose exterior walls are 
maintained at the room temperature, . More 
precisely, our purpose is to determine the spatio-temporal 
distribution of the stresses that appear during  the rapid 
cooling of the whole material to the temperature . This 
model contains two important tasks: (1)The evaluation of 
the spatio-temporal temperature’s distribution during the 
rapid cooling [1, 2, 3] of the material to the room 
temperature. For different values of the radius of the inner 
channel, taking into account the thermal conditions on the 
alloy-ingot mould interface, we analyzed the spatial and 
temporal evolution of the temperature;(2)Starting from the 
spatio-temporal distribution of the temperature, one can 
obtain the stresses due to both rapid cooling (big thermal 
gradients) and constraints produced to the alloy by the 
cooled ingot mould as a result of a difference between the 
thermal expansion coefficients of the two materials. 

300=wT K

wT

 The theoretical model presented here is based on the 
following working hypotheses:(i)the form (the geometry) 
of the flowing channel of the melted metal/alloy (with a 
cylindrical symmetry) demands a cylindrical coordinates 
system ( ), ,r θ z , with the axis pointed vertically 
downward, along with the ingot mould channel and the 

z
r - 

coordinate along its radial direction; (ii) we consider the 
length L  of the ingot mould flowing channel much bigger 
than its radius, , 2R ( )2L R>> ; (iii) the material (made 
from a FeBSi alloy) has at the initial moment the 
temperature  and (iv) we assume that there 
are no temperature gradients along the ingot mould 
channel. The characteristics of the alloy are [2, 3]: 

is the specific heat,  is 

the thermal conductibility,

1200=mT K

K K
3

530 /  =pc J kg 1 30 /k W m=
37.2 10  /M kg mρ = ⋅  is the 

mass density, 11 22 10 /alloyE N m= ⋅ is the Young’s 

modulus and  is the thermal 
expansion coefficient. The characteristic of the ingot 
mould are [2,3]:

68.7 10alloy Kα − −= ⋅ 1

mK2 383 /k W=  is the thermal 
conductibility, 15L cm=  is the length, 

617 10Cu
1Kα − −= ⋅  is the thermal expansion coefficient, 

10 213 10 /ingotE N m= ⋅  is the Young’s modulus, 

1 1R mm=  is the radius of the inner vertical channel and 

2 5R mm=  is the total radius. 
 
 

2. The rapid cooling process of the solidified  
     alloy 
 
2.1. The temperature distribution in the alloy-ingot  
       mould system 
 
Temperature distribution in the alloy. In the 

following it is analysed the rapid cooling of the solidified 
metal from the temperature  to the room temperature. 
As it will be shown, from a mathematical point of view, 
we may consider this as a problem of conduction and 
thermal transfer with a source, and it implies the 
determination of the spatio-temporal distribution of the 
temperature 

gT

1T (r, t)  of the solidified material, which has 
in the center of the ingot mould’s channel the temperature 

 (gT gT =800K  is the solidification temperature); the 
source is distributed on the inner surface of the ingot 
mould’s wall, having the temperature . The heat losses 
of the alloy due to its forced cooling may be considered as 
uniformly distributed negative sources. The determination 
of the temperature  demands to find the solution of 
the thermal balance equation for the material submitted to 
a rapid cooling process: 

wT

1T (r,t)
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= + − −⎜ ⎟
∂ ∂∂⎝ ⎠

1r R≤ ≤T , for 0 , (1) 

 
where: 1 /( )ρ= M pa k c , , ( ) /b aPL V= 2

1A Rπ= , 12P Rπ=  
and L  is the ingot mould’s length. The general solution of 
eq.(1) is of the form:  

 

( ) 22
1 0( , ) / −= + − m a t

wT r t T C I r b a m e , 

 

where  is an integration constant, C ( )2
0 / −I r b a m  are 

modified Bessel functions of the zero order and the 
constant  will be determined from the thermal 
conditions on the interface alloy – ingot mould. By 
imposing the particular conditions: 

m

1( 0, 0) gT r t T= = =  

and 1

0
0T

r r

∂
∂ =

=  one can obtain the expression for the 

constant : C g wC T T= − , which leads us to the expression 
of the temperature distribution in the material: 
 

( ) 22
1 0( , ) ( ) / m at

w g wT r t T T T I r b a m e−= + − − .   (2) 

 
The temperature distribution in the ingot mould’s wall. 
During the cooling process, the ingot mould’s wall 
receives the heat amount from the cooling alloy. We will 
consider the temperature distribution into the ingot 
mould’s wall of the form [4]: 
 

2 1( , ) ln( )T r t A r A= + 2 ,    
  (3) 

 
where 1A  and 2A  are variables depending on the time t : 

1 1( )A A t≡ , 2 2 ( )A A t≡ . 
Boundary conditions for the alloy – ingot mould 
interface. In order to determine the final expressions of 
the temperatures  and  we must use the 
following boundary conditions: 

1( , )T r t 2 ( , )T r t

i) The heat flux from the alloy is received by the ingot-
mould. This heat flux (from the alloy-ingot interface) 
must be continous. So, for , we must have: 1r R=
 

1 2

1 1
1 2
∂ ∂
∂ ∂= =

=T T
r rr R r R

k k ,  (4) 

 
where  and  are the coefficients of thermal 
conductivity of the alloy and ingot mold, respectively; 

1k 2k

ii) On the alloy-ingot interface ( ), the 
temperatures from the adjacent regions must be equal: 

1r R=

 
1 1 2( ) (T r R T r R= = = 1) ,   (5) 

 
iii) On the outer surface of the ingot mould, we 
consider that we have the room temperature, that is: 

2 2( ) wT r R T= = .     
 (6) 

 
Using the boundary conditions given by (4) and (6), we 
obtain the following expressions for 1A  and 2A : 
 

( )
( ) ( )

2
1 1 2 1

2 2
1 1

( ) ( / ) ( ) ( / )

( / )

= − −

− −

g wA t k k R T T b a m

I R b a m exp am t

×
,  

  (7) 
 

( )
( ) ( )

2
2 1 2 1

2 2
1 1 2

( ) ( / ) ( ) ( / )

( / ) ln( )

= − − −

− −

w g wA t T k k R T T b a m ×

I R b a m R exp am t
, 

  (8) 
 

and from conditions (5) we obtain the constant  as the 
solution of equation: 

m

 

( ) ( )( )
( ) ( )

2 2
0 1 1 1 2

2
1 1 1 2

( / ) / ( / )

( / ) ln /

− = −

−

I R b a m k R k b a m ×

I R b a m R R
, 

  (9) 
 

where ( )2
1 1 / −I R b a m  are modified Bessel functions of 

the first order. In order to determine the stresses which 
appear during the cooling process of the alloy placed into 
the ingot mould, we will consider the temperature 
distribution in the alloy (2), where the constant  is given 
by the solution of eq. (9). 

m

 
2.2. The internal stresses which appear during the 

forced cooling process 
 
In this section, our purpose is to analyze the stresses 

which appear both due to the thermal gradients and from 
the constraints produced on the alloy by the cooled ingot 
mould’s wall as a result of the difference between the 
thermal expansion coefficients of the two materials in 
contact. The radial temperature gradients lead to the 
appearance of some displacements, both in alloy(  and 

) and in the wall of the ingot (  and ). These 
displacements satisfy the differential displacements’ 
equation. In cylindrical coordinates these equations reads 
[5]: 

alloy
ru

alloy
zu ingot

ru ingot
zu

1) 1( ) ( ,1 1
1

alloy
r

alloy
d u r dT r td

dr r dr dr
µ α
µ

⎡ ⎤ +
=⎢ ⎥ −⎣ ⎦

)
, 

2) .,
alloy
zdu

const
dz

=    (10) 

 
for alloy and  
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1) 
( )1 0

ingot
rd u rd

dr r dr
⎡ ⎤

=⎢ ⎥
⎣ ⎦

, 2) .,
ingot
zdu

const
dz

= (11) 

 
for the ingot mould’s wall. In the above relations alloyα  is 
the alloy’s thermal expansion coefficients and µ  is the 
Poisson’s coefficient. It is assumed that the values of 
Poisson’s coefficient for alloy and ingot mould are the 
same: 1/ 3alloy ingotµ µ µ= = =  [6]. As it will be shown in 
section 3, the thermal gradients into the ingot mould’s wall 
are small, compared to the thermal gradients in the alloy; 
this allows us to further consider, in the calculation of the 
stresses, only the constriction/dilatation effects of the ingot 
mould over the alloy, due to the different cooling of the 
two materials in contact. The solutions of eqs. (10) and 
(11) (representing both the radial and the axial 
displacements in the alloy: and and 
respectively, the radial and axial displacements in the 
ingot mould:  and ) lead us [6] to the following 
expressions of the stresses for the alloy and for the ingot 
mould’s wall: 

alloy
ru alloy

zu

ingot
ru ingot

zu

1 12
0

( , ) ( , )
(1 )

r
alloy alloyalloy

rr alloy

E
r t E C rT r t dr

r
α

σ
µ

= −
− ∫ , 

( ) ( )1 1( , ) ( , ) 1alloy
zz alloy alloy alloyr t E C E T r tσ α= − − µ    (12) 

( ) ( )

1 12
0

1

( , ) ( , )
(1 )

( , ) 1

r
alloy alloyalloy

alloy

alloy alloy

E
r t E C rT r t dr

r

E T r t

θθ

α
σ

µ

α µ

= +
−

−

∫ −
, 

    

( ) 2
2 2( , ) (1 )ingot

rr ingot ingotr t E C E C rσ ⎡ ⎤= − +⎣ ⎦µ , 

    

( ) 2
2 3( , ) (1 )ingot

ingot ingotr t E C E C rθθσ ⎡= + +⎣ µ ⎤⎦

)

,     (13) 

2( , ) 2ingot
zz ingotr t E Cσ =  

 
 

where  and  are three integration constants 
which will be calculated from the equilibrium conditions 
and from the condition which considers the different 
thermal behaviour of the two materials in contact. The 
resultant strain due to the cooling of two materials with 
different thermal expansion coefficients which are in 
contact during the entire cooling process is given by the 
relation: 

1,C 2C 3C

(alloy ingot alloy ingot Tε ε ε α α ∆= − = − . In our case, 
for the alloy we have alloy alloy Tε α ∆=  and for the ingot’s 
wall, ingot ingot Tε α ∆= , where alloyε  and ingotε  are the 
strains due to the thermal contraction in the alloy and ingot 
respectivelly and ingotα  is the thermal expansion 
coefficient of the ingot. In this case,  is the difference 
between the 

T∆
gT  and the room temperature, . In order to 

determine ,  and  we must 

find the values of the constants  and . For the 

alloy – ingot mould interface we impose the following 
conditions: 

wT

( , )alloy
rr r tσ ( , )alloy r tθθσ ( , )alloy

zz r tσ

1,C 2C 3C

1) the strains that appear in this process are due only to the 
difference between the thermal expansion coefficients of 
the alloy and ingot: 
 

1 1( ) ( )alloy ingot
r ru r R u r R R= − = = ε 1

1 )

;                (14) 
 

2) the equilibrium conditions at the alloy – ingot mould 
interface: 
 

1( , ) ( ,alloy ingot
rr rrr R t r R tσ σ= = =  and                    (15) 

 
3) on the exterior surface of the ingot mould ( )2r R= : 

2( , )ingot
rr r R tσ 0= = .From these three particular conditions, 

one can obtain the numerical values for the constants 
 and  which allow us to determine the stresses 

(12) in the alloy, during the cooling. 
,1C 2C 3C

 
 

3. Results and discussion 
 
For the given above characterinstics of the FeBSi-type 

alloy and of an ingot mould with copper wall [2], we 
calculated the constants 1A  and 2A , and we also 
determined the constant  by solving eq. (9). In the 
following, we will consider an ingot mould with the inner 
channel’s radius 

m

1 1R mm=  and the thickness of the wall 
;thus, we will calculate the radial temperature distribution 
at different moments. Fig. 1 shows the shape of the radial 
distribution of the temperature, both in the transversal 
section of the alloy (the red curves) and in the ingot 
mould’s wall (the blue curves), at three different moments, 
i.e.: 2 0.2t sµ=  and respectively. As this figure shows, 
there is a difference in the temperature between the center 
of the channel and its inner surface; this difference is 
bigger in the first stages of the cooling process and it 
becomes less significant at the end of the process. 

 
 

 
 

Fig. 1. The radial distribution of the temperature in the 
mould’s transversal section. 

 
One can observe that in the first moments of the 

alloy’s cooling, the amount of heat delivered is bigger; this 
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leads to bigger temperature gradients. For different values 
of , the radial distribution of temperature in the ingot 
mould’s wall evolves as follows: after the time 

t

1 0.1t µ= , the difference of temperature between the 
inner  wall of the ingot mould and the exterior one is 

, while for 
1 2

27R RT∆ = K s3 0.3t µ= , this difference is 

much smaller . Fig. 2 shows the radial 

distribution of temperature in the ingot mould’s section 
(both in the alloy’s transversal section and in the ingot 
mould’s wall) at a time 

( 1 2
4R RT∆ = )K

s1 0.1t µ= , for three values of the 

radius of the inner channel: '
1 1R mm= , ''

1 3R mm=  and 
'''
1 4R mm= respectively. 

 

 
 

Fig. 2. The radial distribution of the temperature in the 
ingot mould’s  ingot  section after t1= 0.1 µs, for three 

different values of the inner channel’s radius. 
 
 
 

As one might have expected, after 1 0.1t sµ= , the 
temperature in the center of the inner channel of the ingot 
mould, having the smaller radius ( '

1 1R mm= ) and the 
thickness of the bigger wall ( ' 4g mm= ) is smaller than 
the temperature in the center of the channel having the 
bigger radius ( '''

1 4R mm= ) and the smaller thickness of 
the wall ( ''' 1g mm= ); this one will cool slower. One can 
also notice that, as the thickness of the ingot mould’s wall 
becomes smaller, the temperature difference between the 
interior surface and the exterior one, ,becomes 

smaller, i.e., for 
1 2R RT∆

'
1 1R mm=  ( ' 4g mm= ), 

, while for 
1 2

27R RT∆ = K '''
1 4R mm=  ( ''' 1g mm= ), 

.As for the stresses which appear during the 

cooling process, by calculating the constants   and 

 from the equilibrium conditions and replacing them in 
eq. (12), one can obtain their explicit form. Fig. 3 
represents the graphic spatio-temporal distribution of the 

radial (a), azimuthal (b) and axial (c) stresses into the 
alloy. 

1 2
10R RT∆ = K

1,C 2C

3C

 
(a) 

 
(b) 

 
(c) 

 
Fig. 3. The spatio-temporal distribution of the stresses 
into the alloy: (a) radial stresses, (b) azimuthal stresses,  
                                     (c) axial stresses. 

 
 

One can observe that the magnitude order of these 
stresses is approximately ; as a common feature, 
they are all positive (tensile) and tend to a saturation value, 
corresponding to the room temperature, T

910 Pa

w. The axial 
stresses are approximately two times bigger than the radial 
ones. Thus, the axial stresses reach the saturation flat 
interval more quickly than the others. The stresses’ drop to 
a relatively constant value, in the temperature range 

, shows us that the transformed 
(solidified) material has got a much more regular 
structure.Furthermore, one can notice that, the smaller the 
radius of the inner channel of the ingot mould, the bigger 
the stresses induced into the alloy. 

(800 300) K→

 
 

4. Conclusions 
 
The theoretical model described in this paper presents 

in a synthetical manner the spatio-temporal distribution of 
the stresses induced in an alloy during its cooling to the 
room temperature, considering both the thermal behaviour 
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of the alloy and the supplementary stresses induced by the 
ingot mould’s wall, due to the different cooling of the two 
materials in contact. We thus analyzed and determined the 
residual stresses that appear during the cooling process of 
a FeBSi-type alloy, placed in an ingot mould whose walls 
are maintained at a constant temperature, . The 
determination of these stresses implies the stray of the 
thermal behaviour of this type of alloy. For this reason, we 
first have determined the spatio-temporal distribution of 
temperature into the inner channel of the ingot mould, as 
well as in its walls. We then determined the expressions of 
the indiced stresses in the alloy, considering both the 
thermal gradients that appear during the cooling process, 
and the different thermal behaviour of the two materials 
(FeBSi alloy - Copper) in contact. As for the alloy in the 
interior channel of the ingot mould, one can notice that, as 
the time counted from the beginning of the cooling is 
bigger, the temperature difference between the center of 
the channel and its inner surface becomes smaller. The 
alloy reaches the room temperature  in 
approximately 

wT

300wT K=
0.3t µ=  from the moment of the 

solidification of the material. As the radius of the inner 
channel of the ingot mould gets bigger, the temperature at 
the center of the inner channel of the ingot mould 
decreases more slowly. Moreover, as the thickness of the 
ingot  mould’s  wall  becomes smaller, the temperature  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

difference between the interior surface and the exterior 
one, 

1 2
, becomes smaller. Regarding the stresses, we 

deduced that these depend on the radius of the inner 
channel, and they are positive (tensile). Their order of 
magnitude is approximately ; as a common 
feature, all these stresses tend to a saturation value, 
according to the room temperature, . The decrease of 
the stresses (their relaxation) up to a relatively constant 
value in the range , shows us that the 
transformed (solidified) material has got a much more 
regular structure. 

R RT∆

910 Pa

wT

(800 300) K→
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